This work presents a new application for the Hierarchical Function Expansion Method for the solution of the Navier-Stokes equations for compressible fluids in two dimensions and in high velocity. This method is based on the finite elements method using the Petrov-Galerkin formulation, know as SUPG (Streamline Upwind Petrov-Galerkin), applied with the expansion of the variables into hierarchical functions. To test and validate the numerical method proposed as well as the computational program developed simulations are performed for some cases whose theoretical solutions are known. These cases are the following: continuity test, stability and convergence test, temperature step problem, and several oblique shocks. The objective of the last cases is basically to verify the capture of the shock wave by the method developed. The results obtained in the simulations with the proposed method were good both qualitatively and quantitatively when compared with the theoretical solutions. This allows concluding that the objectives of this work are reached.
Introduction
The solution of complex problems in fluid mechanics and heat transfer with the use of numerical techniques, known as Computational Fluid Dynamics (CFD), is today a reality due to the development of computers with high velocity and with large capacity of data storage. The use of computer codes in some areas of engineering is today a reality and it has been received much attention by numerical researches [1] . The solution of turbulent flow on wings using high capacity computer in 1960 would consume years of processing with a coast of millions of dollars. Today, the solution of this kind of problem using modern computers would consume only few minutes of CPU with a coast of hundred dollars.
This work develops an application of the hierarchical function expansion method, elaborated by [2] , for the solution of Navier-Stokes equations in two dimensions for high velocity compressible flows. This method consists on the use of the finite element method with a Petrov-Galerkin formulation and the expansion of the variables in hierarchical functions. The use of hierarchical expansion allows changing the degree of the adjustment polynomial of the variables during the calculation process without restarting the simulation. Moreover, the numerical method developed has the great advantage of being able to adapt the degree of polynomial until the necessary value, instead of using extremely refined meshes.
In a general way, the classical method of the weighted residuals (Galerkin) is used to get the equations for calculating the coefficients of the expansion functions. However, it is observed that in problems of convective-diffusive transport with convection predominant the Galerkin method fails. Thus, normally for these problems, it is used the Petrov-Galerkin formulation [3] where the weighting functions are different from the expansion functions.
The Petrov-Galerkin formulation consists on the method known as SUPG (Streamline Upwind Petrov-Galerkin) developed by [3] . In this method, the weighting functions are building by adding a perturbation term in the weighting functions used in the Galerkin formulation. This perturbation acts only in the direction of the fluid flow [2] . Note that the SUPG method presents stability and very accurate results. The expansion functions used in the method developed in this work are formed by Legendre Polynomials which are adjusted in the elements in order to define corner, side and area functions. The main reason to use in this work the Legendre Polynomials instead of orthogonal functions such as sine, cosine and exponential, is because only a few functions are necessary to adjust to the shapes of complex solutions. This happens because a polynomial is much more complex than others functions like sine and exponential and comparatively it has a higher capacity of curve fitting. It is observed, however, that smaller is the number of functions used for the expansion of the variables simpler the numerical method becomes.
Theoretical Development
As mentioned the numerical method proposed in this work consist on the application of the hierarchical functions expansion method for the solution of problems for compressible fluid flow at high velocities in two dimensions. The method proposed in this work uses the Continuity, Momentum and Energy conservation Equations together with the Mass Velocity and State Equations. These equations are all in two dimensions, x and z directions. These equations are the commonly used and are the following:
Momentum Equations:
Mass velocity Equations:
State Equation:
RT 0
Total energy Equation:
For the flow solution the physical domain is divided into a mesh of several elements. These elements can have an arbitrary shape. However, in this work rectangular elements are used.
For each elements i, j of the solution domain the variables ρ , u, w, G x , G z, , E, p and T are described by a function expansion as follows: 
where M is the total number of expansion functions used for describing each variables, N m is m th expansion function for the element i, j and , , 
It is observed that both ξ and η change from −1 to +1 inside each element. Asmentioned the coordinates ξ and η are local coordinates of each element. The derivatives of ξ and η with respect to the x and z coordinates are given by:
The weighting functions (P m ) follow the consistent Petrov-Galerkin formulation given by [3] . Thus for each element i,j of the mesh the weighting functions are given by:
Equations ( Continuity Equation: 
Momentum Equation in the x direction:
Momentum Equation in the z direction: 
, for 1, ,
Energy Equation:
Mass velocity Equation in the x direction:
Mass velocity Equation in the z direction:
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The hierarchical expansion functions used in this work are based on the Le- 
Results
For the application of the numerical method proposed a computer code was de- According to [6] (table of oblique shock, appendix D), with M 1 = 2.9, θ 1 = 11.3˚ and pressure p 2 = 9.6 bar, the resulting oblique shock wave has an angle of inclination with respect to the x direction, β, equals to 85˚. These conditions form the forced solution (intense shock solution) for an oblique shock problem.
The objective of this test is then to verify if the method developed is capable of capturing the shock wave with the right inclination as given by the theoretical result presented by [6] . Figure 7 shows the results of this test where the red color represents the region before the shock, the blue after the shock and the yellow the interface of the shock.
As expected the results of Figure 7 show an oblique shock wave. The shock wave formed is not a perfect straight line, as expected from the theoretical solution, and its inclination angle is 79, 5˚ with respect to the x direction (the correct theoretical angle is 85˚). The error in the inclination angle is caused by the boundary condition imposed on the superior boundary located at z = 1 m, which has the conditions for the flow before the shock. Note that the curve formed in the shock wave near the superior boundary is also caused by this problem with the boundary conditions. The mesh used for this problem had 9 cells and the expansion degree was the second order.
As mentioned before, many others cases including consistency and stability tests and oblique and normal shocks were simulated with the method developed and they are presented in [4].
Conclusion
Simulations of supersonic flows, incident obliquely on a body, it was realized to verify the capacity of the numerical method developed in to simulate, adequately, compressible fluid flow in high velocity and to capture shock wave. Through the done analysis, in function of the results obtained in the simulations realized, it can be concluded that the objective of this work was reached in satisfactory way, because the results obtained with the numerical method developed in this work, it was qualitatively and quantitatively goods, when compared with the found theoretical results in literature. 
